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Abstract 



Tunneling through a locahzed barrier in a one-dimensional interacting elec- 
tron gas has been studied recently using Luttinger liquid techniques. Stable 
phases with zero or unit transmission occur, as well as critical points with 
universal fractional transmission whose properties have only been calculated 
approximately, using a type of "e-expansion" . It may be possible to calcu- 
late the universal properties of these critical points exactly using the recent 
boundary conformal field theory technique, although difficulties arise from 
the oo number of conformal towers in this c = 4 theory and the absence of 
any apparent "fusion" principle. Here, we formulate the problem efficiently 
in this new language, and recover the critical properties of the stable phases. 
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Typeset using REVT^ 



I. INTRODUCTION 



The low energy transmission of a 1-d interacting electrons through barriers, including 
resonant tunneling, was analyzed by mapping the problem to a Luttinger liquid where the 
gapless spin and charge degrees of freedom decouple, interacting with a barrier or a quantum 
impurity [|2[ . A simple lattice version of the underlying microscopic Hamiltonian is given 
by the Hubbard model with a spin-spin interaction which breaks the SU{2) spin symmetry: 



^ = E + h.c.) + U (^rVa,i)' + JS^S^^, + + kS^ 

i 

where = [a^fj^,, . 



(1) 



Here the hopping amplitude t,, chemical potential /Xj and magnetic field hi are constant, 
except in the vicinity of the origin. The Fermi energy is arbitrary except that we stay away 
from half-filling, so that both charge and spin excitations are gapless. We will often be 
interested in cases where there is parity symmetry (which may be reflection about a site 
ipi — > ip-i or about a link ipi —>■ V'-j+i) that requires ti to be real or where there is symmetry 
of spin rotation about the x-axis by vr: S- —>■ —Sf which requires hi = 0. In the simplest 
case of a local barrier, only to differs from the other t's, and we set /ij constant and hi = 0. 
In the resonant tunneling case, we take t_i = to different from the other fs. Now the site is 
distinguished, so we choose /io different than /Xj = /i on all other sites. By fine-tuning these 
two parameters describing the double barrier, we can achieve resonances. We emphasize 
that we are concerned with universal, low energy properties so that the detailed form of the 
microscopic Hamiltonian is unimportant. 

In the case of spinless fermions scattering off a potential barrier, Kane and Fisher |I| 
showed that at zero temperature, the charge conductance is zero if the bulk interactions are 
repulsive and perfect if attractive. More generally, for fermions with spin, the charge and 
spin conductances depend on two parameters which are related to the bulk interactions U 
and J of (P in the charge and spin sectors. It was found that there are four possible stable 
phases whose stability depend on the strength of the bulk interactions: charge and spin with 
zero or perfect transmission. In addition, there exist unstable phases which have partial 
conductances separating pairs of the above phases in the region of overlap of the domains 
where the two phases are stable. These unstable phases were probed perturbatively, using 
a type of "e-expansion" based on the observation that when the bulk interaction constants 
approach certain values these fixed points become trivial. Our hope is that by using the 
recently developed boundary conformal field theory technique we can determine their 
properties non-perturbatively. But before diving into the nontrivial unstable boundary fixed 
points, we have to verify that this method is applicable and that in the new formalism, it 
does reproduce all the basic features of the problem. This is the purpose of this paper. 

The present problem fits into the more general setting where we have one-dimensional 
gapless degrees of freedom in the bulk coupled to a local potential or impurity degree of 
freedom. Such systems have been tackled by the boundary critical phenomenon approach in 
the Kondo problem and in the isotropic spin-| antiferromagnetic Heisenberg chain with an 
impurity • However, in the Heisenberg chain after a Jordan Wigner transformation, 

the bulk is composed of interacting spinless fermions and in the Kondo case, free spinful 
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fermions. Here we are interested in effects of local interactions in an interacting spin-| gas 
of fermions. 

In general, the system of gapless degrees of freedom coupled to a local degree of freedom 
is a difficult problem to solve exactly even in 1-d. There exists exact solution from the Bethe 



Ansatz but the Hamiltonian must be fine tuned to become integrable |]T0[. For a generic 
situation, we simplify the problem by asking what the low energy behavior of the system 
is. At long wavelengths and low energies, we can describe the bulk by a relativistic (1 + 1)- 
dimensional field theory with conformal invariance. In the boundary critical phenomenon, 
we do not integrate out the bulk degree of freedom as in but propose that at low 

energies, the effects of local interactions with the barrier or the impurity can be summarized 
by an effective boundary condition on the bulk. The boundary condition must renormalize 
to a fixed point, so that it will be compatible with the bulk conformal symmetry. At such a 
boundary fixed point, conformal symmetry in (1 + l)-dimension is powerful enough to give, 
for example, the finite size spectrum. By turning the present problem into a boundary critical 
phenomenon, the four stable phases and the unstable ones mentioned above will correspond 
to the various conformally invariant boundary conditions on the bulk. As in the Kondo and 
Heisenberg chain, we will follow Cardy's approach to boundary critical phenomenon to treat 
the present problem . 

There are however two aspects that are new to this problem that were not present 
in Cardy's treatment nor in the Kondo or Heisenberg problem. The first concerns the 
symmetry of the problem. This eventually leads to irrational conformal field theories rather 
than rational ones like the other cases. Cardy concentrated only on the c < 1 conformal 
field theories. Viewing the problems as (1 + l)-dimensional field theories, the states in the 
Hilbert space can be classified into a finite number of primary states and an infinite number 
of descendents. For instance, in the c = | Ising case, we have three primary states. For the 
Kondo and Heisenberg problems, the bulk and the spin-spin interactions with the impurities 
are both spin SU{2) invariant. Although we have c > 1 conformal field theories, the extra 
SU{2) symmetry enlarge the symmetry group to SU (2) Kac- Moody symmetry. Once again, 
the states in the Hilbert space can be classified into finite number of primaries and the 
rest descendents. A finite number of primary states has the nice feature that the modular 
transformation needed in the boundary critical phenomenon approach is linear and is 
given by a finite-dimensional matrix, known as the modular 5'-matrix. We will make this 
point clear in the next section. For the case at hand, we have a Uc{l) x Us{l) symmetry for 
the conservation of the fermion's charge and the 2;-component of the spin. The interactions 
with the local potential or the impurity are through both spin and charge. Any interactions 
must preserve this f/c(l) x Us{l) symmetry. (In the special case when the bulk and boundary 
spin interaction preserve rotational symmetry, then we recover f/c(l) x SUs{2) symmetry. 
For the spinless fermions, we only have the t/c(l) symmetry.) However, the U{1) Kac- 
Moody symmetries are not restrictive enough to group the spectrum of this c > 1 conformal 
field theory into a finite number of conformal towers. With an infinite number of primaries, 
the modular transformation is given by an integral equation and not a finite-dimensional S- 
matrix. However, we are able to generalize Cardy's approach since it is the partition function 
that is important, not the fact that the number of primaries is finite. A similar problem was 
dealt with recently in the boundary conformal field theory of monopole-catalyzed baryon 
decay, p 



3 



The other somewhat new aspect has to do with the fact that Cardy's formahsm assumes 
that the boundary conditions do not allow momentum to flow across the boundary. For 
instance, in Cardy's treatment of the Ising model, the three conformally invariant boundary 
conditions are spin up, down and free. Here, in the extreme case when the electrons are 
perfectly transmitting across the barrier, we anticipate a fixed point at which all the charge 
coming in is being transmitted across the boundary to the other side. To transform such a 
fixed point into a boundary fixed point of Cardy's type, we fold the system at the boundary 
so that we essentially turn the system into one defined on the half-line by doubling the 
number of bulk degrees of freedom. The same trick was used in the boundary conformal 
field theory treatment of the two-impurity Kondo effect 0. 

The paper is organized as follows. In section II, we generalize Cardy's boundary critical 
phenomenon approach to include the present problem. We first demonstrate how this is 
applied to the simpler case of spinless fermions in section III. In particular, we will give the 
finite size spectra corresponding to the various conformally invariant boundary conditions. 
We will then give the conductance formula and discuss the stability of these boundary fixed 
points by examining the operator contents. We will see that our results agree with We 
will also calculate the ground state degeneracy, g for periodic and open boundary conditions, 
showing that the '(/-theorem' is obeyed. In section IV, we extend our analysis for the 
spin- 1 fermions. All our results are in full agreement with Ref. after correcting a minor 
error in that work. We conclude in section IV. 



II. GENERALIZATIONS OF CARDY'S APPROACH 

We will recall briefly and generalize the ingredients of Cardy's approach to boundary 
critical phenomenon Consider some conformally invariant boundary conditions imposed 



along the real axis of the complex plane z = t + ix, giving the geometry of the upper-half 
plane. The conformal field theory is invariant under infinitesimal coordinate transformation 
z J2n(^nZ"~^^- In order to preserve the boundary x = 0, a„ must be real. Truncating half 
of the infinitely many symmetry transformation leads to half as many conserved charges, 

Ln = ^. I z''^^T{z)dz I z''+^f{z)dz (2) 

2m JC+ 2m Jc+ 

where C+ is a semicircle contour in the upper-half plane and there are no LnS. Here T 
and T are the left and right-moving components of the Hamiltonian density. For the Ward 
identity to continue to be valid, we impose T — T = along the real axis so that there is no 
contribution from the integral along the real axis part of the contour C+. In other words, 
T-rx = is imposed at the boundary, meaning no momentum fiux across it. This condition 
allows us to think of T{z) in the upper-half plane as T{z) in the lower-half plane, yielding 

, z''+^T(z)dz (3) 

where C is the circle at infinity. We therefore have a purely holomorphic (left moving) 
system when we extend from the half-plane to the entire complex plane. In addition to the 
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conformal symmetry, we also have U{1) symmetries, corresponding to the charge and the 
^-component of spin. For a U{1) current, J{z), the analogous equations hold: 

Jn = ^. I Z^J{z)dz - / Z''j{z)dz (4) 

Zm Jc+ 2m Jc+ 

^ ^ z''J{z)dz (5) 



2m Jc 

where J{z) — J{z) = along the real axis. By mapping the upper-half plane to an infinite 
strip of width I hj w = -Inz = u + iv where u and v are the coordinates for time and space 
respectively, one can show that 

H = ^ J\nw) + f{w))dv = j{Lo- ^) (6) 

is the Hamiltonian on the strip. 

The idea of Cardy for rational conformal field theory can be generalized to the present 
case since it is the partition function that Cardy worked with. Recall that imposing modular 
invariance (5* and T) on a conformal field theory defined on the torus (that is periodic 
boundary conditions imposed on the fields along both nontrivial cycles) determines the 



operator content of the bulk conformal field theory [T^. Here, for the finite size system 
with boundaries, instead of a torus, we have the geometry of a cylinder by making the strip 
periodic in time. One can still impose the 5* modular invariance to determine the operator 
content of the conformal field theory with boundaries. We will now recall how this is done 
and generalize this process. 

Let Hab be the Hamiltonian with boundary conditions a and b at the two ends of the 
finite strip on the complex plane w = u + iv. For a finite temperature field theory, the 
Euclidean time u is defined modulo f3, the inverse temperature. The partition function then 
is given by 

Zab = Trexp{-(3Hab) = J2 XiiQ^ab (7) 

i 

where q = exp( — —) and = q'^^Tr^q^^ . (8) 

(I) has been used to derive the above equation and we are going to determine ra^^, the 
number of times that the i*^ conformal tower appears in the system spectrum with boundary 
conditions a and h imposed at the two boundaries. The trace in Xi is over the descendent 
states of the i*^ primary. In the c = 1 [/(I) Kac- Moody theory, we will see that Xi=Q ^i^re of 
the form 

XQ(a,5;g) = ^gt(Q-^)^ (9) 

where 77(g) = nfeLi(l ~ 1^) is the Dedekind function, Q is an integer, a and 5 are real 
parameters. 

Cardy's crucial idea is that this partition function can be calculated using the Hamilto- 
nian with periodic boundary conditions which generates translation in the v direction. 
By a conformal map 
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e = exp(-— w;), (10) 

we map the cylinder with into the complex ^ plane where the Virasoro generators 
(L^, L^) are defined. We find that the Hamiltonian with periodic boundary conditions is 
given by 

H' = J^L'+'Lo-^)- (11) 



It has both left and right movers. Using (|TT]), the partition function is then 

Z^p''\q) = (a|exp(-/if^)|6) (12) 
= r'/''(a|g^^^^+^''^l&) (13) 

where q = exp( — --). (14) 

/-^ 

I a) and \b) are boundary states that obey the following conditions. On the cylinder, the 

boundary conditions at f = 0, / are J{w) = J{w) and T{w) = T{w). Using the conformal 
map (ll^), we get 

{J^ + J'^nm=^ (15) 

(^r-^^n)l&)=0. (16) 

We will see later that with the U{\) Kac- Moody symmetry, (|TB|) follows from (|T^. Here, 
it is the currents ( J, J) that classify the states into primaries, not the Virasoro generators. 



Ishibashi [|T^ and Cardy |11] showed that these boundary states \a) can be build out of 
linear combinations of the Ishibashi states that by construction obey ([T5|). An Ishibashi 
state is given symbolically by 



\j) = T.\r,N)®\r,N) (17) 

N 

where j denotes a primary state and denotes its N*^ descendent with normalization 
{j; N\j'] N') = 5jj'6]\f^j\f'. We will give the Ishibashi states exphcitly in our problem. Then 
we can rewrite the partition function using (|^) and (|16D as 

4"''^(?1 = E(«b;0)(j;0|6)x,(g). (18) 

We now equate the two partition functions (0) and (|18D to constrain the operator content 
n^j,. But note that one is a function of q and the other q. We have to convert one into the 
other. The difference in having an irrational conformal field theory versus a rational one 
is that the sum in ([^) and (|T^ run over infinite number of primary states in the irrational 
case. Furthermore, for a rational conformal field theory, we can turn the q dependence in 
(0) into g by a linear transformation given by the known modular S matrix. That is, 

Uq) = T.S{xM- (19) 
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By equating the two partition functions, one obtains 



T.<tS{ = T.{^\r,o){r,o\b) . (20) 

i j 

Here, with infinite number of primaries, the transformation from g to g is not given by (19) 
but by 

XQia, 5-q) = ^f dQ'e2-^(«-^)«'xQ'(-, 0; q) (21) 



where xq is defined in (H). This modular transformation can be derived using the Gaussian 
integral and by expressing q = exp(— ^) and q = exp(— ^). Note that modular transfor- 
mation requires the summation of a continuous set of conformal towers xq'- However, the 
modular transformation gives a discrete sum over a set of conformal towers when we sum 
up the contribution from each tower in the following way: 

CO 1 CO 1 

E e^'^«XQ(a,52;g) = e(4^)^ E e^'^^xpiK q)- (22) 

=— oo V p=—oo 

We derive this equation in the appendix. Hence, we will express the partition functions in 
terms of 

oo 

nia,5,,52;q)= E e^'^«XQ(a, ^2; g) (23) 

Q=— 00 

and the modular transformation fE2l) becomes 



nia,S^,S2■,q) = e^'^^^ni-, 62,-6,; q) . (24) 

'a a 



Without the S matrix, we do not have (pO]). But we can still equate the partition functions 
as Cardy did by using and solve for nj^j, of (0) in the irrational case. The solutions now 
rest on satisfying the following consistency conditions on of (|^) for each of the infinite 
number of primaries i: 



nl^i, must be an integer for any pair (a, b) and 
ri 



* ° — 1 for each a . ^^^"^ 



aa 



The second consistency condition comes from demanding a unique vacuum through the one 
to one correspondence between scaling dimensions of operators and the finite size spectrum 
with identical boundary conditions at both ends ||11|| . 

Recall that in the rational case, Cardy 05111] found the boundary states corresponding to 
spin up, down and free boundary conditions for the Ising spins and gave the finite spectrum 
for any pair of boundary conditions. He showed that we can start from a spectrum deter- 
mined by a set of boundary conditions and obtain the other spectra with other boundary 
conditions by the process of fusion. The case is similar in Kondo and Heisenberg chain 
P] where fusion with the impurity spin give the finite size spectra with the new boundary 
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conditions. In the present case where the S modular transformation is given by an integral, 
fusion does not seem to work. 

We see that J{w) = J{w) and T{w) = T{w) are imposed at the boundary in Cardy's 
formalism and therefore exclude the periodic boundary condition since no momentum or 
charge can pass the boundary. To incorporate the possibility of the periodic boundary 
condition being one of the conformally invariant boundary fixed point, we fold the system 
in half and double the bulk degrees of freedom. In a finite size system with the two channels 
we have a set of boundary conditions at both ends of the system. The periodic boundary 
condition in the unfolded system would correspond to having all the momenta coming in 
through one channel go out the other. This give the perfect conductance case. The open 
boundary condition will have all the momenta coming in one channel reflected away in the 
same channel. This give the zero conductance scenario. 

More precisely, consider a finite size system extending from — / to / where the scattering 
potential or impurity is placed at the origin. In order to fold the system in half, we impose 
the same boundary conditions at — / and / and identify the two points. We expect that the 
interaction at the origin with the potential or impurity will renormalize into a boundary 
condition at the origin. Let us now see what the periodic and open boundary conditions on 
the U{1) currents at the origin of the unfolded system become for the two channel system. 
Before folding as in figure la, we have for open boundary J(x = 0+,t) = J{x = 0+,t), 
J(x = 0-,t) = J{x = 0_,t) and for periodic boundary J(0+,t) = J(0_,t), J(0+,t) = 
J(0_,t) where J and J are the left and right moving currents. We folded the system about 
the origin in figure lb so that the currents in the two channels are related to the unfolded 
system by 

J(x > 0) = J\x), J{x > 0) = J^{x) 

J{x < 0) = J\-x), J{x < 0) = j\-x). (26) 
Therefore, periodic and open boundary conditions at x = in the two channel system are 

Ji(0) = Ji(0), J\0) = P(0) open 

Ji(0) = P(0), J\0) = J\0) periodic. (27) 

The finite size spectrum with appropriate boundary conditions at — /, / and is the 
same as the folded two channels system. Therefore, the folding process does not affect the 
calculation of the partition function (^. With two channels, in (|Tl]) now becomes 

H^ = jiLl + Ll + Ll + Ll-^). (28) 

We have dropped the superscript P in Lq but understand that it is distinguished from Lq 
in (|^). (^) becomes 

(J^ + Jl„ + J^ + J!j|a) = 0. (29) 

In the following sections, we will solve (|29|) and work out the boundary states corresponding 
to zero and perfect conductances in both the spinless and the spin-i fermion cases. 
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III. SPINLESS FERMIONS 



In this section, we will illustrate our procedure in the spinless fermion case before gen- 
eralizing to the spinful case. The plan is as follows. We will obtain the partition function 
(p!8|) by constructing two boundary states that satisfy (pQ]). We label the two boundary 
states by |1) and |2) but refer to them as "open" and "periodic" in anticipation that they 
correspond to zero and perfect conductance. We first need to obtain (^). To do that, we 
bosonize the two channels of interacting fermions and obtain the finite size spectrum for the 
bosons with periodic boundary conditions. We then change basis from the two channels to 
a more convenient even and odd basis. In the even and odd basis, we give explicitly the 
open and periodic boundary states. We will obtain Z^p'''\q) for the three combinations of 
pairs of the two boundary states. By modular transforming the three Z^p'^\q), we obtain 
three partition functions denoted by Zuil) ^22(0') and Zi2(g). To satisfy (pSf), we make an 
appropriate change in normalization for the states |1) and |2). In the appendix, we have, 
for these simple cases, directly imposed the corresponding pairs of boundary conditions at 
the two ends of the finite size system and obtained three spectra. From these three spectra, 
we computed Zpp{q) Zoo{q) and Zop{q) as defined in (|^) where p and o denotes periodic and 
open boundary conditions. In other cases where we do not have simple boundary conditions 
on the fermions, we will have to rely on using the boundary states and the consistency 
conditions ( ]25|) to compute the various partition functions. Thus, we are able to verify with 
the appropriate normalizations that Zoo{q) = Zii{q), Zpp{q) = ^22(0') and Zop{q) = Zui^q). 
We will then give the equation for computing conductance in terms of the boundary states. 
By examining the operator content and the ground state degeneracy, we find the conditions 
for the stability of the two boundary fixed points. This will be compared to . We will end 
the section by discussing the resonant tunneling problem. 



A. Calculation of the partition functions 



The Hamiltonian can be considered to be as in Eq. ([1|) with only a nearest neighbor 
interaction term for the spinless fermions. We are interested in the low energy behavior and 
therefore we take the long wavelength limit by expanding the fermion field about the Fermi 
momentum kp 



-ikpx 



R- 



(30) 



V'l and ipR are the low energy degrees of freedom. In the continuum limit, the Hamiltonian 
is a relativistic theory for ip^ and ip^ with a four fermi interaction |T^. One can bosonize 
and parametrize the strength of the interaction by a positive real number R. More precisely, 
we bosonize the left and right moving fermions by 



exp -i{— + 2nR(})) 



R 



exp z( 



2R 



2nR4>) 



(31) 



where = 0^ + (pR, <t> = (pL ^ (pR and R 

already rescaled cp (p/\fA^R and 
simply the one for a free boson. 



at the free fermion point. Here, we have 
AttR(P so that the continuum Hamiltonian is 
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H=l f\id,<Pf + {dt<PY]dx. (32) 

Z JO 

We will often compare our results with Kane and Fisher's and R is related to their interaction 
strength (7 by AtiR'^ = 1/g in the spinless case. 

To avoid confusion when we compute Zp'''\q), we will take the space to be periodic in 
< X < L and t to be the Minkowski time. At the end we will substitute L = f3, the 
inverse temperature. Let us concentrate on one channel for the moment. To obtain H^, 
we need to specify the boundary conditions on the low energy fields. In computing Zab{q) 
of (|^) at a finite temperature, we impose antiperiodic boundary condition on the fermions 
'^L,R or equivalently periodic boundary condition on the bosons (p and (p iii the imaginary 
time direction. Therefore, when we compute Zp'''\q) now where we have interchanged 
the role of space and imaginary time, we impose (anti)periodic boundary condition on the 
(fermions) bosons in the space direction. By imposing antiperiodic boundary condition, 
i'L^nix) = —'>Pl,r{x + L), we use (|3T| ) to obtain the boundary conditions on and [| 

Q = (P{L) - 0(0) = 2TmR li = 0(L) - 0(0) = — (33) 

IR 

where n = m (mod 2). (34) 



We refer to the restriction on the quantum numbers in (|3^ ) as the "gluing conditions" . We 
see that and are bosons compactified on circles with radii R and l/47ri? respectively. 
With these boundary conditions, we can write down a mode expansion for the boson 
following 

0(x, t) = 00 + ^(n + g)^ + ^(n - g)^ 

+ E ^[e"^™^a„^ + e-™^a^ + h.c] (35) 



where the eigenvalues of Q and fl are Q and 11 defined in (pSl). 4>{x,t) has a similar mode 
expansion 

4>{x, t) = 00 + i(n + g)^ - ^(n - g)^ 

+ E ^[e-^™^a^ - e-™^a„« + h.c.]. (36) 

The nonzero canonical commutation relations are [a^,a^] = [af^,a^] = 6nm and [(5,00] = 
[n, 0o] = —i. Substituting the mode expansion (|35|) into (|32D, the Hamiltonian becomes 



H = ^[^(n^ + Q') + E ^(^n - (37) 



^One need to use the fact [0^, 0^] = i/4. 
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where = a^^a^ and = a^'^a^ are the boson occupation number operators and the 
term is the ground state energy from ( |TT1) with c = 1 for the boson theory. 
The conserved Virasoro and U{1) Kac-Moody currents are given by 

where d± = ^{dt ± d^) and : : denotes normal ordering. To get the condition p9|), we 
substitute ( ^5]) into (|38|) and expand the current in terms of the boson operators at t = by 



2mnx - 2'Kinx - 

Jn = as exp( — - — )J(x, 0) and Jn = ax exp( — )J{x,0). 

Jo L Jo L 

We obtain for n > 



1 - - I — n — 
1 - - - I — n — 

A primary state with respect to the U(l) Kac-Moody algebra is 

|Q,n) = e'(«^o+"*«)|0) (40) 

since we can see from (139|) that 



j„>o|Q,n) = o, J„>o|Q,n) = o, 
^o|g,n) = ^(n + g)|g,n), and j,\q,u) = ^i-u + Q)\Q,u). 

For Q or n nonzero, this state is also a primary state with respect to the Virasoro algebra 
{Ln, Ln) where 

oo 

L„ = 2rf -JmJn-m: • (41) 

m=—oo 

Since L„ are bilinear in J„, in the presence of the U{1) symmetry we use the more fun- 
damental Jn to classify the states into primaries and descendents. The descendents of the 
primary state (^O]) are given by 



e 



i(Q0o+n(/-o) 



oo 



n 7" /.a ; a |0) (42) 



„=i (,m^!)2 (m^!j2 



where m^'^ are the occupation numbers. An Ishibashi state is one that by construction 
satisfies (^). By using (|55D, we can show that 

|Q,n), = e^n^°n E " , |o) 

ri-1 mn=0 

oo 

= e^^^o n e"""^""^|0) (43) 

n=l 
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is the desired Ishibashi state. We can put the above Ishibashi state into the form ([T7|) by 
rewriting the product of sums as sum of products as follows, 



n E =E E' n 

n=lm„=Q N=0 {rrin} n=l 

where the prime in the sum denotes the restriction J2n'^n = N. A boundary state is a 
linear combinations of such Ishibashi states. The open and periodic boundary states exist 
only in the two channel system which we will turn to next. 

For a system with two channels, we work with two copies of bosons 0^ and 0^. We will 
see that it is advantageous to project the two channels into an even and odd basis similar to 
the two impurity Kondo problem In the interacting fermion picture, we have a problem 
since this will generate nonlocal interactions. However, we can do so now after bosonization 
since we have a free theory. To define and see the advantage of the even and odd basis, we 
go back to the current conservation for the two channel system 

+ - - P = 0, + - f 1 - f 2 = (44) 

and substitute (|38D . By defining 

0^'° = 4^(0^ ±02), (45) 



we get 



V2' 



je _je rpe rj,o _ rj,e _ rj,o ^ Q 



'1 

where = ji + = ^^9+0^ =: (9+0")^ : and T° =: (9+0°)^ : . (46) 

is the total current of the two channels. Notice that J° = — is not present in the 
constraints. By combining the two current equations in (^61) , we deduce that T° = T°. That 
is, in the even channel, the boundary preserves the U{1) Kac-Moody symmetry but in the 
odd channel, the boundary only preserves the smaller conformal symmetry. It is important 
to note that in the bulk, however, both Je and Jo are conserved currents. 

To get the Ishibashi states in the even and odd basis, we need to expand 0^'° in modes. 
We start with the mode expansions of 0^ and 0^ as in (P^D, noting that there are gluing 
conditions ( p4D between and 11^ and similarly and II^. By (|45|), we obtain mode 
expansion for 0^'° as in (^) with 

a\:La^) and 



a„ - 


^ 0"'° — 


7i< 


n - 




1 

V2 


Q- 




1 

V2 



V2 2R 

(Qi ± = ^7cRn^'° (47) 

where m*^'° = + and n'^'° = + n^. The gluing conditions between m"^'" and n*^'" can 
be derived from m^'^ = n^'2(mod 2). We obtain 
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m^'° = rf'° (mod 2) and rrf + m° + n'' + n° = (mod 4) (48) 

Note that the even and odd channels are not decoupled. 
The Ishibashi states for the even channel must be fE3| 



oo 



\n 



^ - 0, rrfYj = IQ" = 0, = e^"'*o [] e""" |0)'. (49) 



eLt eflt 



n=l 



However, in the odd channel, we do not necessarily have such Ishibashi states because the 
odd U{1) current is not constrained. But for the open and periodic boundary conditions, 
something special happens. Transforming the boundary conditions (^) into even and odd 
sector using (^B|), we arrive at 

r{o) - r{o) = 0, r(o) - r(o) = o open (50) 
r{o) - r{o) = 0, r(o) + r(o) = periodic. (51) 

Therefore, we further have U{1) conservation at the boundary in the odd channel for open 
boundary and maximal violation of the odd U{1) charge at the boundary for periodic bound- 
ary. The periodic odd channel here resembles the problem of monopole-catalyzed baryon 
decay where the baryon number conservation is maximally violated at the boundary, fl^ 
Using the conformal map ([To|) , we require that the open Ishibashi state in the odd channel 
also be annihilated by J° + J°„. We then use the same Ishibashi state as (|i9D with e — *• o. 
Gluing this odd Ishibashi state with the even one leads to the open Ishibashi state. For the 
periodic Ishibashi state in the odd channel, we impose that it be annihilated by J° — J°„, 
giving us 



00 

oLt o-Rt 



n , m 



=1 



When glued with the even channel, this leads to the periodic Ishibashi state. 

Since we have an infinite number of primaries, we will have a sum over infinite number 
of Ishibashi states to obtain a boundary state. Consider the following two boundary states, 
each a linear combinations of the Ishibashi states, 

|1)= E 'C^=,m°|0,m^)^®|0,m°)° (53) 
|2)= E 'C^^n°|0,m^)?® |n°,0)? (54) 

where the primes denote summing over the quantum numbers allowed by the gluing con- 
ditions (l48|). The boundary states |1) and |2) determine Zp'^\q),Zp''^\q) and Zp''^\q), 



which in turn give Zii{q), ^22(9) and 2^12(9) by a modular transformation. By imposing the 
consistency condition ( ^Sf ) on the partition functions Z^s, we find that Cm=,m° and CmE,n° 
can at most be phases exp(im^a + im°(3) and exp(?m^Q;' + in°(3'). These phases amount to 
the chemical potentials in the two bulk channels and do not affect the boundary physics. 
We will proceed with Cme,m° = C'm^.n" = 1 to illustrate the calculation. 

For two channels, is given by ([lID and expanded in modes, each channel is given by 
(P7|). In terms of even and odd basis, we can rewrite using (^) as 
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Q 1 CXD -1 

H'' = -^i^i^'' + Q'' + + Q"') + E + + + K"^) - g] (55) 

Using (|T^) generalized to the two channel problem and (^) with L = j3, we obtain for the 
boundary state (|53D 



g 12 2_ - ^ ^[5;7]J7(™'='+™°')+Er=l"(™-+™n)l (56) 



me™o e,o e,o ^ 

i"' rrij ,.--=0 

where q = exp(— ^). Once again, the prime in the sum denotes summing over quantum 
numbers allowed by the gluing conditions ^ The Ishibashi states sets and Q° to zero 
and m^^ = m^^ = and = = m° in ( ^5l) . Solving the gluing conditions (^8|) with 
n'^ = n° = 0, we see that m"^'" = 2/c^'° are even where A;'^'° G I and fc*^ + /c° = (mod 2). 
Substituting into (|55|) , we get 

4"'(fl = ;^ E ,^^"••«••» (57) 



fce+fco=0 (mod 2) 



where the Dedekind function rj is obtained by summing over and m°. Solving the 
constraints by letting k^'° = k ± I, k,l & 1, we finally obtain in terms of Q defined in (p3[) 

= 47ri?2fi(47ri?^ 0, 0; g)^ = %,i)(g). (58) 

Similarly, we obtain 

Zp'\q) = Z(2,2)(g) = ^(^' 0, 0; g)(](87ri?2, 0, 0; q) + ^{^, 0, tt; g)fi(87ri?2, 0, tt; g) 

(59) 

This partition function is modular invariant, that is, Zp''^\q) = Zp''^\q). The reason is that 
we have periodic boundary conditions for the bosons in both the time and space directions, 
or equivalently, antiperiodic boundary conditions on the fermions ipL,R in both directions. It 
needs some explanation to compute ^(1,2) • The mixed matrix element between the boundary 
states (p3D and (|5l) sets m° = n" = giving 



e2 

Z^;^'\q) = E (-I)'"" (60) 

me e,o e,o ^ 

JTlj jTTlj ,... = U 

The gluing condition sets = 4k, G I. We then get 

1 00 00 

'^^^ m°,m°,...=On=l 

= ^(^'0'0;^~) ^(^~) 

where W{q) = g-^ [] = ^^2, vr, 0; q). (61) 

n=l + 9 
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The last equality in W{q) is given by the Jacobi triple product identity [|T8|. (See appendix 
for a similar derivation). By modular transforming, we get 

%,2)(g) = VA7rRm{27iR^, 0,0; q)W+{q) 
where iy+(g) = il](i 0, tt; g). (62) 

As argued before, we must be allowed to impose any pairs of valid boundary conditions to 
the bulk. The criterion is that for any pairs of boundary states, the partition functions Z{a,b) 
generated must satisfy (P3|). We see that if we normalize the state |1) by l/AnR"^, then all 
the partition functions have unit integer coefficients. Comparing these partition functions 
with Zpp{q) Zoo{q) and Zop{q) worked out in the appendix from imposing the boundary 
conditions directly, we conclude that 

[periodic) = |2) and |open) = |1) (63) 

are the appropriate boundary states. 



B. Conductance 

We define the charge conductance beginning with the Kubo formula as in 

G = lim -— / dx dy dre'^^ {j{x,T)j{y,0)) (64) 
t^^o n^llYui) J-i J-i J-oo 

where j{x, r) = J— J is the spatial component of the current in the unfolded system. Folding 
into a two channel system by (^) and going into the even and odd basis by J^'° = ± 
(H), we see that dx j{x, r) = /(j dx{J" - J"). 

To evaluate the conductance, we use the following correlation functions: 



{r{x,T)r{y,o)) 
{rix,T)r{y,o)) 
{r{x,T)r{y,o)) 
{r{x,T)r{y,o)) 



1 



27ri?2 4vr2[r + i(x-7/)]2 
1 1 



27ri?2 47r2[r-i(x-y)]2 
A 

47r2[r + i{x + y)]'^ 
A 



47r2[r - i(a; + |/)]2 ' 
A is sensitive to the boundary condition and is given by |T^ 

\Ji:=vJ"n=i\B) 



A 



(015) 



where \B) is the boundary state and J°liJ°L]^|0) is the first descendent state of the vacuum 
with respect to the U{1) algebra. We use only the first descendent because the U{1) charge 
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operator is the first descendent of the identity operator in the U{1) theory and it is a primary 
operator with respect to the Virasoro algebra. After doing a contour integral in the complex 
r plane, taking the zero frequency limit and then performing the spatial integrals, we find 

{l-2nR^A) 1 

2 ^^^^ 

For \B) = |open), we see from (|53|) that A = l/27ri?^, therefore the conductance vanishes. 
For \B) = Iperiodic), A = —1/2ttB? and we obtain 

which reproduces what Kane and Fisher got when we use AttE? = g^^. 



C. Operator content and ground state degeneracies 

We can find out the operator content (the dimensions of the boundary operators) from 
the finite size spectrum or the partition function when identical boundary conditions are 
applied at both ends [^,0. The partition functions equivalent to the ones given in the 
appendix are 

^{o,o)(g) = [-^E^^^^^'? (67) 



r]{q) 



k 



%.)(^) = -7^ E g^^^^-^^ (68) 

rn+n=0 (mod 2) 

Let's consider the open-open case first. We have two decoupled channels indicated by the 
complete square in Z(o,o) (<?) and therefore double the boundary operators of the one channel 
case. Due to the decoupling of the two channels, it only make sense that we think of the 
channels as 1 and 2 but not even and odd. In the one channel case, we can read off from ( |67[ ) 
that the lowest surface dimensions of the primary operators are (fc = 0),27ri?^ {k = ±1), 
87ri?^ [k = ±2), etc.. We will think of this problem in the purely left moving formalism as 
indicated in the introduction. Recall that the dimension of an operator e^°"^^ in a purely 
left moving system is |^ |]T^. From this we can write down the corresponding operators 
with the above dimensions, namely the identity operator, e^^'^'^^'^'^ , q^^'^^^'Pl ^ q^^q ^ This is 
the operator content for the open boundary fixed point. 

To analyze the stability of the boundary fixed point, we bring the two channels together 
and make a local perturbation about the open boundary. We couple two of the above bound- 
ary operators, one from each channel. These coupled operators are allowed perturbations 
only if they have the symmetries of the Hamiltonian, in particular, they must be real and 
f/(l) invariant. The U{1) transformation is ^p ^ e~'^"ilj. Using equations (^) and (pT| ), we 
see that to effect this transformation by the bose fields, we need (j) —>■ (p and </)—>■(/)+ 
Using 4> = 4>L + (pR and = 0l — <Pb.j we find 

'^^ ^ + 4^ ''''^ 0ii ^ </>i? - (69) 
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The lowest dimensional coupled operators allowed by the U{1) symmetry are O = 
^g|-g47riK(0 -0 )] or z{Jm[e^'^*'^'''^ )]} which have dimensions 47ri?^. The latter operator 
would be eliminated if we impose parity symmetry. The operator O enters the Hamiltonian 
as Hint = ^ I S{x)Odxdt, where A is the coupling. Counting the dimension of S{x) as one, we 
see that this is a relevant perturbation about the open boundary when dim((9) = AttR'^ < 1. 
This corresponds to the term g^Tri?^ -^^ (pTI). In other words, the open boundary 
condition is stable as long as the bulk interaction is repulsive, AnR"^ > 1. 

Let us turn to the periodic case. Here, both left and right movers are present and the 
dimensions of the operators are the sum of the left and the right's. We will think of this 
system as having one channel of left and right movers on length 21. Furthermore, only U{1) 
invariant operators are allowed in perturbing the Hamiltonian. As described above, is f/ (1) 
invariant. Any function of will not be U{1) invariant and therefore not allowed to enter 
Hint- Noting that in (p8|), dimensions correspond to operators e^*"*"*"^/^-^ and n^nB?' 

correspond to e^^mnijc/)^ ^ _ g_ lowest dimension allowed operators from Zp^p 

are the identity, e^'^'^^^ and e^'^'^'^^^ with dimensions 0, and If we perturb locally 
in the periodic system, the most important operators e^'^'^^^ will appear in Hint- Parity 
invariance does not have much of an effect here: it only restricts from the two possible linear 
combinations of e^**^/^ entering the Hamiltonian to one, cos{(j)/ R). This operator is relevant 
when < 1 and therefore the periodic boundary condition is stable if > 1. We can 
patch this result nicely with the above open-open one and give precisely what is in [|l|. 

We have one more tool to decide stability of the boundary fixed points. It is the ground 
state degeneracy theorem of @]. The ground state degeneracy is the universal number ap- 
pearing in front of the partition function in the limit ^ oo. It is not necessarily an integer 
because we have an infinite length system. It is proposed that under renormalization of 
boundary interactions, the ground state degeneracy decreases. Equivalently, we can asso- 
ciate the ground state degeneracy as the normalization factor for the boundary states (|63D. 
In our problem, we have ground state degeneracy for the periodic case gp = I and go = '^/^^ 
for the open boundary. The g-theorem nicely reproduce the above results: gp < go is the 
stability condition for the periodic boundary condition and vice versa. 



D. Resonant tunneling 



In the resonant tunneling case, there is just a minor adjustment to the above reasoning. 
There is now an extra impurity degree of freedom which has zero scaling dimension as far as 
renormalization goes. About open boundaries, the impurity couples to the lowest dimension 
operators e^'^'^'^^'^^ via hopping: e.g. (to'^'i^/ + h.c), where t]j is the impurity fermion field, 
corresponding to ipo in Eq. (|l|). Hence the dimension of this perturbation interaction is 
27ri?^. About the periodic case with parity invariance, Kane and Fisher showed that for 
resonant tunneling to take place, one has to adjust the chemical potential at the impurity site 
fiQ SO that the probabilities of it being empty and occupied are equal. This fine tuning of the 
potential to achieve resonance is equivalent to fine tuning away the lowest dimension operator 
cos{(f)/R) in the periodic system. In the case without parity invariance, one has to adjust two 
parameters to eliminate e^**^/^ and achieve resonance. The next lowest dimension operator 
is e^*"^*"^/^ of dimension We see that the results about the two boundary fixed points do 
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not match nicely as before. The open fixed point is stable when > 1 but the periodic 

fixed point is stable when vri?^ < 1 as in [|l|. Taking a hint from [|l|, we see that about the 
open fixed point, the descendent of the identity operator J can also couple with the impurity 
and enter Hint through an induced interaction K ip'^ip'ql'qj ~ Kdx4> v\vi- The descendents 
usually have higher dimensions than the primaries and therefore not important. Here, the 
dimension of the interaction is one and therefore a marginal coupling of the descendent J 
with the impurity. This together with the hopping terms generate a Kosterlitz-Thouless 
type renormalization fiow on the t — K plane which was used to explain the disparities 
between the different stability of the two boundary fixed points [|I|. We agreed with Kane 
and Fisher's analysis. 

Let us see what the ground state degeneracy says about the resonant case. For the open 
boundary at resonance, Qr = 2go where the factor of two is due to the two states (empty 
or filled) at the decoupled impurity site. Therefore, gr = ■ For the periodic boundary 
condition, the impurity is absorbed by the continuum. Thus Qp = 1. The stability of the 
periodic fixed point is given Qp < gr which agrees with the above results. There appear to 
be a discrepancy between the predictions for the stability of the open boundary from the 
g-theorem {gr < gp) and the operator content (i?^ > 2^). But we see from the Kosterlitz- 
Thouless type renormalization fiow on the t — K plane that for a given initial value of K 
for > there is a critical bare t that fiows into the open fixed point {t = 0) and then 
to the periodic fixed point {t —>■ 00). This renormalization fiow holds until < - beyond 
which t = is a stable fixed point. This fiow is consistent with the (7-theorem for R^ < ^, 
where it occurs. 



IV. SPIN-i FERMIONS 



We will reproduce the same steps for the more complicated spinful case. One may begin 
with the lattice fermion model (|l]) and derive the low energy continuum free boson Luttinger 



liquid as in [21|. We will only give the bosonization rules. 



A. calculation of partition functions 



We concentrate on one channel for the moment. We first take the low energy long 
wavelength limit by expanding the fermion field about the Fermi momentum kp 



ikpx 



(70) 



where a =| or |. From the interacting fermions in the bulk, we obtain a free theory of 
bosons with charge and spin interactions parametrized by the radii R^ and Rg. That is, we 
bosonize the low energies left and right moving fermions by 



exp - ^(77^ + T^Rc(i)c ± 77^ ± vri?50^) 



exp i( 



— TrR^chf. ± — — =F T^R 

2Rr ^ 2R, ^ ■ 



(71) 
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Here 0c,s are linear combinations of the bosons, introduced to represent the two fermion 
fields V'ta: 

0c = (0T + 4>l)/V2 

0,^(0^-0^)/v^ (72) 



They represent the charge and spin degrees of freedom respectively. At the free fermion 
point, Rc = Rs = We have already rescaled the fields 0c,s 4'c,s/ \/^Rc,s and 

0c,s ~^ V^Rc,s<Pc,s so that the Hamiltonian is simply the one for two free bosons 0c,s, 
normalized as in Eq. (|32|) . When compared with Kane and Fisher our radii i?c,s are 
related to their interaction strengths (7c,s by tt-Rc.s = Vs'c.s- 

To obtain in Z^p'^\q), we need to specify the boundary conditions on the low en- 
ergy fields. Once again, we infer from the finite temperature calculation of Zab{q) that we 
impose (anti)periodic boundary conditions on the (fermions) bosons in the imaginary time 
direction. By switching the roles of space and time, we now compute Z^p'^\q) which lead 
us to impose (anti)periodic boundary conditions on {ipL^Ra) 4'c,s and 0c,s- By imposing an- 
tiperiodic boundary condition, ipL,Ra{x) = —ipL,Ra{,x + L), we use (|7T1) to obtain the periodic 
boundary conditions on 0c,s and (f)c,s'- 

= ML) - 0/(0) = irnjRf Uf = 0^(L) - 0^0) = ^ (73) 
where / = c or s 

He + fic + rig + Hg = (mod 4) and same parity for all n's . (74) 

With these boundary conditions, we can write down a mode expansion for the bosons 0c,s 
and (j)c,s as in (^), 

^ = f E [^(nj + QJ) + E -(-?. + - h (75) 

f=c,s n=l 

where the eigenvalues of Qj and flj are Qj and Uj defined in (^) and the — ^ term is the 
ground state energy from (pH]) for the c = 2 spin and charge bosons. 

The conserved Virasoro and Uc{l) x Us{l) Kac-Moody currents are given by 

T, = : (d^4,ff :, T, =: {d^^'ff : 

J, = _i_a,^,. J, = -^a_^, (76) 
where f = c,s. Expanding in modes, we obtain for n > 0, / = c, s 



1 - - I — n — 
1 - - - i — n — 

We now turn to the two channel system and work with two copies of the spin and charge 
bosons 0j and 0j. We will use the index / to denote charge c and spin s without further 
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reference. The current conservation for the two channel system at the boundary is given by 
three equations, 

J] + J] -J}-Jf = and Yl ^/ + ^/ - ^/ - ^/ = (78) 

f=c,s 

The U{1) currents have to be conserved separately for charge and spin at the boundary. 
However, we only impose that the sum of spin and charge energy momentum be conserved. 
Going to the even and odd basis, we substitute (^) into ( |78D and define 

^r=^(^}±^})^ (79) 



giving 



- = 0, ^ r; + t; - t; - t; = o 

f=c,s 

where J} = Jj + Jj = ^^+0/, =■ {d+<P)? ■ and T/ =: {d+^^f : . (80) 

are the total spin and charge currents of the two channels. Notice that Jj are not 
present in the constraints. By combining the two current equations in (^), we deduce that 
T° + T° = T° + T°. That is, in the even channel, the boundary preserves the Uc{l) x f/s(l) 
Kac-Moody symmetries but in the odd channel, the boundary only preserves the smaller 
conformal symmetry. 

To get the Ishibashi states in the even and odd basis, we need to expand in modes. 
We start with the mode expansions of 0^ and (p'j as in (^). By 
expansion for 0^'° as in (^) with 



«/n = 4^(«/n ±4™) and 



Qr=^iQ)±Q})^^^Rfnr (81) 

where = fij ± fi j and n'j" = n^j ^nj. The gluing conditions between n'j" and n'j" can 
be derived from (|7^ which holds for each channel. We obtain 

E/=e,s^/ + ^/ = (mod 4), j:,^^^^ni + ni = (mod 4), (82) 
Ei=e,o ni + ni = (mod 4) , Ef=c,s n} + n} + n'} + nj = (mod 8) (83) 

and all n's have the same parity. Note that the even and odd channels are not decoupled. 
The Ishibashi states for the even channel must be (ESl) 



\n} = 0, n})} = e'"/*/o [] e'^'^' |0) (84) 



n=l 
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because of the even U{1) charge and spin symmetries at the boundary. In the odd channel, 
we have at least two choices analogous to the spinless case for each /: the Ishibashi state 
(p^) with e — i> o which preserve the odd U{1) charge and spin current conservations or 

|n°, n° = 0)° = e'^J-^/o J] e°?" |0) (85) 

n=l 

which maximally violate the odd U{1) spin and charge conservation. 

With these two possibilities for the Ishibashi states in the odd channel for each f = c,s, 
we construct four boundary states corresponding to perfect or zero conductances for charge 
and spin. Since the even Ishibashi states are the same for the four cases, we let 

Ks = 0, nlj-j = K = 0, hi)} ® K = 0, nl)i (86) 
and the four boundary states are 



ll) 


'^c,s^'^c,s 




l< = 0,n^)?® 


K = 0,nTjr^\co,so) 


(87) 


|2) 


= _E 'Ks 

"'C,S^"'C,S 


= 0,nU/® 


|<,n° = 0)?® 


|<,n: = 0)?~ |cp,sp) 


(88) 


|3) 


= E 'K 


s = 0,nlsrii 




^|<,n° = 0)°~ \co,sp) 


(89) 


|4) 


= E 'K 




>5K,n° = 0)?C 


3|< = 0,n°)?~ |cp, so) 


(90) 



where the primes denote summing over the quantum numbers allowed by the gluing condi- 
tions (|83D and \cp,so) denotes charge-open and spin-periodic boundary state, etc.. 

We will give the finite size spectrums for all possible pairs of the above boundary 
states. In particular, we have worked out in the appendix for comparison the partition 
functions Z(^cp,sp;cp,sp){q), Z(^co,so;co,so){q) and Z(^^^so;cp,sp){q) by directly imposing the corre- 
sponding boundary conditions. We find that by normalizing the boundary states |1) and 
1 2) to get integer coefficients, we can recover these partition functions. We also normalize 
boundary states |3) and |4) to give partition functions from the seven other pairs of bound- 
ary states with integer coefficients. These are predictions for the finite size spectrums with 
the corresponding pairs of boundary conditions. 

Before computing the partition functions, we need the Hamiltonian for the c = 4 two 
channel spin and charge bosons in the even and odd basis. Following the procedure in the 
spinless case, we obtain 



We find 
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Solving the gluing constraints ( ^31) by setting n\ = where i = e,o, f = c, s and letting 



n 



n^f ^nj, we find nl = nl (mod 4) and ^ are even and the same conditions for nj. 
It now can be written complete square, 

Z^''\q) = {-4^ E ' g'^'^^^^r (93) 

'^^^ nc+ns=0 (mod 2) 

where we have let nls = 2nc,s- Splitting the above sum into a sum of nc,s when they are 
both even and odd, we obtain 

M:^, 0, 0; mi:^, O, O; q) + 0, vr; 0, vr; g)}^ (95) 

= TT^RlRl{n{TTRl, 0, 0; qMnRl 0, 0; g) + {^^(vr/?^, vr, 0; qMnR^ vr, 0; g)}^ (96) 
where we have used (123). It can then be rewritten as 



{2nRAy{^, E g^'^'^^-^^^^^^-^l'^^Dlg) (97) 

^^1) nc+ns=0 (mod 2) 

Going through the same steps as before to solve the gluing constraints then modular trans- 
forming, we find 

^^^^"^^ ^ ° ^ =Z(2,2)(g) (98) 

where the gluing conditions in this sum are Hc + Ug + Uc + fig = (mod 4) and all the 
n's have the same parity. Just like the spinless case, this partition function is modular 
invariant because the boundary conditions on the bosons are periodic (fermions ipL,Ra are 
antiperiodic) in both the time and space directions. We also find from the boundary states 
that 

Z^^^'\q) = 2nRA^, E g^^^^"^+^-^^"^W^+(?)' = ^(i,2)(g) (99) 

^V^'' nc+ns=0 (mod 2) 

For these to be consistent partition functions, we need to normalize away the noninteger 
coefficients. Normalizing the boundary states by 

|co,so) = ^-^-^11) and \cp,sp) = \2), (100) 

we reproduce the same spectrum as the ones from the appendix. 
We predict the following partition functions: 
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fc+m+n=0 (mod 2) 

Zr'(«) = v^7^ ^ (103) 

ly^' m=n=k (mod 2) 

By exchanging charge and spin, we obtain the other three spectra Zp'^\ Zp'^^ and Zp'^\ 
Finally, we showed 

Zp'^ = Z'^P'^ (104) 
We find that if we normalized the boundary states with (|100| ) and 

Icq, sp) = I |3) and Icp, so) = . 14) (105) 

Urn A/vri?? 



then all the partition functions will have integer coefficients. With the normalizations (|100|) 
and ( |105| ), we see from (|104| ) that the ground state is two-fold degenerate with charge- 
open spin-periodic boundary condition at one end and charge periodic spin open boundary 
condition at the other. 

The spin and charge conductances are defined as in (|6^) where the currents are the 
spin or charge currents in (|77D. We find that the spin and charge conductances are zero or 
Gf = e'^/27iR'jh depending on the boundary state (p7D-(pO|) we use. That is, for the open 
and periodic boundaries, we get zero and perfect conductances respectively. 



B. operator content and ground state degeneracies 

Once again, we can determine the operator content from the finite size spectrum with 
the same boundary conditions at both ends. For these operators to enter the interaction 
Hamiltonian, they must have all the symmetry properties of the system. In particular, the 
operator must be real, U{1) spin and charge invariant, and other additional symmetries that 
we wish to impose like parity, etc.. 

Let us first discuss the Uc{l) x Us{l) symmetries. The appropriate transformations are 

^ta ""-^'^ e— and ""^'^ e^^^^^ta (106) 

The Uc{l) transformation is spin blind and the generator of Us{l) rotation about the z- 
axis is e*^"*"''"'^-' acting on the two component spinor 'ipi,i- From ([7T|), we see that these 
transformations can be achieved by 

0c 4>c 4>s ^ (j)s 

J 7 etc ~ ~ Ctg 

<Pc-^ (Pc+ S- (ps-* <Ps + 
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(107) 



Using (j)c,s = (j)c,s + <i>c,s and ^c,s = (j)c,s - (f>c,s^ we find 

From the charge and spin-open partition function (]97|), we see that the lowest dimensional 
operators have dimensions 0, + 2nR'^, 2'7iR^, etc.. In the two channels pure 
left moving interpretation, they correspond to the operators the identity, 6=''^'^*^'='^^=''^'^*^'''^^ , 
g±47r4i?c</>c ^ g±47rj_Rs0s ^etc. The two decoupled channels can interact with each other via these 
boundary operators. Preserving the f/c,s(l) symmetries, the lowest dimension candidates 

g_^g g±27riK49i^l-</,P)±27riR4</.f'i-</.f'2)^ ^±4niR44,^^ -4,^^) g^^^ g±47riiJ4</.f l-fli^) _ p^^ slmphclty, We 

will proceed with the symmetry ~Sl- In the fermion language, they correspond to 

hopping of one fermion between the two channels 

te (V^lTl^iT2 + ^IuV^Li2) + h.C. ~ COs27ri?,(0f, - </)f2)[te e^^-iJc (0^,-0^,) + h.c.], (109) 

hopping of a charge two spin singlet, 
and hopping of a neutral spin one object 



ts (V^itV^Li)l (^Ii^LT)2 + h.C ~ e*4.K4<A^,-0j.) + h.C.. (Ill) 

The stability of the open fixed point is governed by the relevance of these operators. For it 
to be stable, all operators must have dimensions greater than one. That is vri?^ + vri?^ > 1 
and 47ri?c,s > 1. 

From the charge and spin-periodic partition function (p8l), the lowest f/c,s(l) invari- 
ant operators are the identity, e=^*'^'=/^'==^*'^^/-^'', e^"^''-'^"/^" and e^^^*"^"/^" with dimensions 0, 
l/47r_R^ + l/47ri?g, l/vri?^ and l/vri?^. In the fermion language, they correspond to the 
backscattering of a fermion 

V, {iIj{^^r^ + ^{^ipRi) + h.C. ~ [v, e'^^""^ + h.c.]cos(0,//2,), (112) 

backscattering of a charge two spin singlet object 

V, iPi^i/jl^ ^|JR^^PR^ + h.c. ~ V, e*2'^^/^^ + h.c. (113) 

and backscattering of a spin one charge neutral object 

Vs V'ltV'Li ^Ri^m + h.c. ~ Vs 6^2'^=/^= + h.C. (114) 

respectively. For the charge and spin-periodic fixed point to be stable, the above operators 
must be irrelevant with dimensions greater than one. 

About the charge-open and spin-periodic fixed point, we see from (|101|) that the lowest 
dimensions of the operators are 0, l/inR'j., l/vri?^ and vri?^. They correspond to the identity 
operator, 6=*="^"/-^% e^'^^'^"^^" and e='=2'^*-^'=(''^ci-'/'c2) since we expect that the spin field 0^ to be 
periodic across the boundary but not the charge (pc- In the fermion language, they correspond 
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to backscattering of a fermion Ve ( |112|) which in this case reduces to backscattering of spin, 



backscattering of a spin one charge neutral object Vg (|1 14|) and the hopping of a fermion 
across the impurity te ( |109j) which reduces to hopping of charge. Essentially the operators 
gi(j!)c(o)/Rc gi27r_Rs[(/)^-^(o)-?i^2(o)] (^gyelop uou-zero expectation values in this phase because 

we expect \vc\ and \ts\ to be infinite at this fixed point. This reduces the dimension of the 
te and Ve operators. The stability of this fixed point is governed by the irrelevance of the 
lowest dimensional operators and Ve- We note that the te operator was overlooked in Ref. 
im]. We further note, following Kane and Fisher, that, if we impose parity, all these t and 
V parameters become real. Choosing a particular sign for Vc then leads to < e^'t>c{o)/Rc ^_ q 
so that the term vanishes.0 Similarly, with parity, an appropriate choice of the sign of tg 
causes the te term to vanish. 

The results of a similar analysis of the charge-periodic spin-open fixed point can be 
obtained by exchanging charge and spin in the above case. The stability of the four fixed 
points are shown in figure 2, in the generic case where the Ve and te operators are non- 
vanishing in the mixed phase. 

The ground state degeneracies also give relative stability for these four fixed points. 
The one fixed point that is stable has its ground state degeneracy smaller than the rest. 
The ground state degeneracies for the four boundary states are precisely the respective 
normalization coefficients in ( |100| ) and ( |105|) . We obtain a phase diagram very similar to 
the results of the operator content analysis as shown in figure 3. If there were no nontrivial 
unstable fixed points with higher ground state degeneracies, then this would be the correct 
phase diagram. 



C. Resonant tunneling 

By using the operator contents of the various boundary fixed points, we can find out the 
stabihty of the fixed points as a function of Rc and Rs. 

About the charge and spin open boundary, the lowest dimensional operators that can 
couple to the impurity are e±'^'^^R'^<i>c±'^'^^Rs<l>i ^ ^±4TnRc<i>^ ^±'imRs<f>^ ^j^-j^ dimensions ^ + 



2nRl and 27iR^. For instance, the first operator arises from [ip^irii^ + h.c] and the 

second and third arise from {ipL^ipLi)'imVil {'4'l^4'li)v\^Vii- The stability of this fixed 
point is governed by the condition that all these operators have dimensions greater than 
unity. 

About the periodic case, we fine tune away the backscattering of a single electron cor- 
responding to the operator Ve- For a symmetric potential, we only need to fine tune one 
parameter, for instance the chemical potential at the impurity site. For an asymmetric po- 
tential, we need to fine tune two parameters to eliminate this backscattering term to achieve 
resonance. After fine tuning away this backscattering term. The next two lowest dimensional 
operators are Vc and Vg with dimensions l/uRl and I/ttR^. 



^Choosing a sign for Vc can be seen as choosing a microscopic model. 
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About the charge-open spin-periodic fixed point, we continue to fine tune Ve to zero. 
From the partition function ( p.01|) we find those operators, either by themselves or when 
coupled to the impurity 77/^, that are not eliminated by the various symmetries. The lowest 
dimensional operators allowed by the symmetries are Vs ( |114| ) and the hopping operator that 
connects the chain to the resonant site [^/'^^///a + h.c.]. We conclude that the stability of this 
fixed point is now determined by the irrelevance of these two operators, that is, 1 / vri?^ > 1 
and 7ri?^/2 + l/lGvri?^ + ttRI/A > 1. By exchanging charge and spin, we obtain similar 
conclusions for the spin-open charge-periodic fixed point. 

The relative stability of these resonant fixed points determined from their ground state 
degeneracies give a phase diagram same as the one about the charge and spin periodic fixed 
point. 

V. CONCLUSIONS 

We have shown that at low energies, interacting fermions coupled to a local potential 
or an impurity can be turned into a boundary critical phenomenon problem. In the spinful 
case we are able to analyze the charge open and spin periodic boundary fixed point in a 
somewhat more systematic way than in p|, We agree completely with these papers after 
correcting a minor error concerning the stability of this charge open and spin periodic fixed 
point. 

A possible way of finding the nontrivial fixed points of is to guess a boundary state 
that by construction partially conducts and compute the partition functions by taking all 
matrix elements with the known boundary states. When modular transformed, we require 
that these partition functions must have integer coefficients. So far, we have failed to guess 
such a state. Another way to proceed may be to fix the radius of interaction to a rational 
value in the region where we expect nontrivial fixed points and then use fusion to go from 
a trivial fixed point to a nontrivial one. 
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APPENDIX A: 

We wish to derive (^) in this appendix. Substituting the Poisson sum formula 

00 .00 

Y: f{Q) = jdx e'-^'-^fix) (Al) 

Q=— 00 P=— 00 

and (|^) into the left hand side of (^), we obtain 

E ^'^^XQ{a,52;q) = ^Jdx E e^-^V^-gt(^-^)^ (A2) 

Q=-oo Vyi) P=-oo 
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Shifting X to X + 2^ and using q = e * , the above becomes 

Ep=_oo e^^^^ / dx e-™i[^^-i^(^+&)^l (A3) 
= ;^e^Ep._ooe-^^v^e-|^(-+&)^ (A4) 

Using the fact that under a modular transform, the Dedekind function transform as 77(g) = 




r]{q) |T3|, we get 



e^7^4i:p^-ooe-N^-(^+fe)^ (A5) 
= e^^Ep=_ooe^'''^xp(i,-5i;g) (A6) 

which is the right hand side of ([2^). 



APPENDIX B: 

In this appendix, we derive the finite size spectrums for the spinless fermions by directly 
imposing the periodic and open boundary conditions. We will choose appropriate boundary 
conditions at x = 0, ±1 for the one channel system of length 21 to give the finite size spectra 
of the two channel folded system of length / with periodic or open boundary conditions 
placed at a; = 0, 1. We choose, = 27r(A^ + i). 

We now derive the finite size spectrum for the two channel system of length I with 
periodic-periodic boundary conditions at the two ends. Unfolding this into a one channel 
system, we have a periodic system of length 21. For the one channel periodic system on 



21, we simply obtain its spectrum from (|37D with the periodic quantization conditions ( p3| 



Substituting L = 21 and (^) into (|57D, we obtain 



By (|^, we have 



m,n L,R L,R 



where the gluing constraint is (plf). Splitting the sum into when both m = 2k and n = 2p 
are even and when both m = 2A; + 1 and n = 2p + 1 are odd, we obtain for A;,p G I 



1 -2 



r]{q) 



m,n 



1 V + i- V q-^^^-i^f^' (B4) 

I k,p I k,p 

^^(^, 0, 0; g)n(8rf, 0, 0; q) + ^{^, 0, tt; g)(](8rf, 0, vr; g), (B5) 
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in agreement with (|59D. 

We now consider the finite size spectrum for the two channel open boundaries system. 
This system is equivalent to two independent copies of the one channel open boundary 
system. We will first work out the finite size spectrum for the one channel case. For 
open boundary conditions, we impose at the boundaries dxip{0) = dxipil) = for the one 
channel case. Using (|30D and the fact that the low energy modes have k << kp, we obtain 
V'-l(O) = ipniO) and = c^'^^^V-rIO- Bosonizing and setting 2kFl = 2tt{N + i) we obtain 

0(0) = and = 27mR 

where we took 

r x,y = 

[M^)AR{y)] = \ I0<x,y<l (B6) 
It x,y = 1 

The boundary conditions in and the commutation relation are compatible with the mode 
expansion 

OO "1 

0(x, t) = Q- + Y, ^= sm — - [e- — a„ + h.c] (B7) 
^ n=l V^'^ ^ 

where eigenvalues of Q is Q = 27mR. The boundary condition restricts the zero mode 
<Po = (Po + (Po = ^ but 00 = 00 ~ '^o is nonzero and is conjugate to Q. Using (p2D, we obtain 

-| OO 1 

where m„ is the eigenvalue of a]ja„. For one channel, the partition function is 

ZUq)=J: E e-^t^^^+Sr----^] (B9) 

Q mi, 1712... 

= 4t^^''^"'''' (BIO) 
= n(47ri?^0,0;g). (Bll) 

For two channels with open boundaries, we simply have two uncoupled copies of the one 
channel problem. Therefore the partition function for the two channel open boundaries 
system is 

Zooiq) = n{AnR^O,0;qf , 

in agreement with ( |5BD after normalization (|5^). 

For the two channel periodic-open case, we equivalently have periodic boundary condition 
at X = and open boundary conditions at a; = ±/ in the unfolded one channel system. In 
other words, we have open boundary conditions at a; = ±/ for the one channel system of 
length 21. Therefore, the spectrum is ( P8|) with / — > 21 and the partition function is 

ZoM=l'^'i: E g-^'-'+^S.-^'"^ (B12) 

n mi,m2... 
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We split the descendents | J^'^iP^p = H'^=iW^2p + Z]^i(p ~ |)"^2p-i and then sum over 
the to get the Dedekind function. Then, 



oo 

(p-i)m2p- 



mi,m3... p=l 
oo -I 

= fi(2rf,0,0;g) J] ; ^ 



p=i 



Using Euler's identity n^i(l ~ 2;^" + 2;"') = 1 [T^ with x = ^/q and extracting out a 
Dedekind function, we rewrite 



00-1 -1 00 

n - — ^ = n(i - + 

p=i 1 - 2 V{(1) p=i 



11(1 - gi)(l + + g^^). (B13) 



We now use the Jacobi triple product identity 



n(l-a:^")(l + 2/x2""^)(l + 2/-V"-^)= E 

n=l A;=— 00 

with X = y = g^/^ and turn the above product into a sum. We finally arrive at 

Zopiq) = ^{2t;R\ 0, 0; g)H^+(g) (B14) 
where VF+(g) is given by (|6^). 



APPENDIX C: 

In this appendix, we derive the finite size spectrums for the spin | fermions by imposing 
periodic and open boundary conditions. For a two channel periodic-periodic system of length 
/, it is equivalent to a one channel periodic system of length 21. We obtain the finite size 
spectrum by substituting (|73D and L = 21 into (^), giving 

= I E + ^n}R}) + t „(mj„ + rnfj - j-] 

f=c,s f n=l 

Therefore, the partition function for this periodic-periodic system is 



" (CD 
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where n^s and nc,s obey the gluing conditions (ff^. This agrees with (pSl). 

Consider now the two channel open-open case. This decouples into two one channel 
system each of length /. For each of the one channel system, we again impose boundary 
conditions 5^V^a(0) = d^ipail) = leading to ^^^(O) = Vi?a(0) and VLa(0 = e^^'^^VftalO 
when we use (|70D. We then bosonize these boundary conditions with ( |7ID to obtain boundary 
conditions on the bosons and just like the spinless case, we use the commutation relations 
for the charge and spin bosons. We get 

(#±^)(0) = and {^±^m = 2nn^ 

where n± G I and we have chosen 2^^?/ = 27t{N + |). It follows that 

4>cA^) = and 0c,s(O = '^Rc,snc,s 

where 77,c,s = n+ ±n_ or equivalently we simply impose gluing conditions = rig (mod 2). 
Expanding (p^s in modes compatible with the above boundary conditions as in ([B7|), we 
obtain for = 0c,s(O " 0c,s(O) = vri^cs'^c.s, 

Eo = y [-(Qe' + Ql) + EpKp + m,,) - -]. (C2) 

Hence for a one channel system with open boundaries, the partition function is 



e 



nc=ns (mod 2) {mcp,msp} 



'/Vy; nc=ns (mod 2) 



Hence the partition function for the two channel open boundaries system is 

ZM = {zlf , 

which agrees with ( p7D after normalization (|100| ). 

To obtain the finite size spectrum of the two channel periodic-open system, we again use 
the fact that it is equivalent to a one channel system of length 21 with open boundaries. The 
spectrum is therefore ( |C2| ) with / 21 and the partition function becomes 

Z,^{q) = q-ii E g[^"'^'+^"'^'+^^r=i^("^-+'"-)l (C4) 

nc=ns (mod 2) {mcp,msp} 



Following the steps in the spinless case from ( [B12| ) to (|B14| ) for both the charge and spin 
descendents, we obtain 



ZoM) = ^2 E , (C5) 

'^WJ nc=na (mod 2) 



in agreement with 
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FIGURES 



Figure lab: We fold the system of length 2L into a two-channel system of length L after 
we identify the boundary conditions at — L and L. 

Figure 2: The phase diagram in the space of the charge and spin interaction strength 
Rc and Rg without imposing parity invariance. (cp,sp), (co,so), (co,sp) and (cp,so) denote 
the four stable boundary fixed points: charge (c) and spin (s) periodic (p) or open (o). The 
unshaded region is where both (cp,sp) and (co,so) fixed points are stable. An unstable fixed 
point should separate these stable phases. 

Figure 3: The phase diagram according to the ground state degeneracies. Since the 
unstable fixed point is expected to have a higher ground state degeneracy than the stable 
phases, it does not show up when we only compare the relative stability of the four phases. 
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